To understand the coupling behavior of the spinor with spacetime, the explicit form of the energy-momentum tensor of the spinor in curved spacetime is important. This problem seems to be overlooked for a long time. In this paper we derive the explicit form of energy momentum tensors and display some equivalent but simple forms of the covariant derivatives for both the Weyl spinor and the Dirac bispinor in curved spacetime.
Introduction
The spinor field is the most sensitive to the gravitational one. This very property of the spinor field leads many researchers to investigate the self-consistent system of the spinor and the gravitational fields in recent years. These works gave rise to a number of interesting results. The introduction of the spinor field into the system in question results in an accelerated mode of evolution [1, 2] , while some special choice of spinor field nonlinearity provides singularity-free cosmological solutions [3, 4] . One of the authors [YQ-Gu] once computed the numerical solution of the spinor soliton, and found it has discrete spectrum [5] . In these works, the authors mainly computed the results in the diagonal metric, and in this case the energy momentum tensor can be directly derived from Lagrangian of the spinor field. But for general case, the energy momentum tensor quoted seems incomplete, and this problem seems to be overlooked.
In what follows we give a systematic review of the problem and derive some useful and convenient results.
Simplification of spinor Covariant derivatives
The covariant derivatives of a spinor have been constructed by several authors [6, 7, 8, 9, 10] , but their formalisms are somewhat different in form due to the not unique representation of the products of the Pauli and Dirac matrices. In this paper, we choose the Pauli and Dirac matrices in flat spacetime as follows:
In the flat spacetime, the Dirac equation for bispinor φ has the form
where ψ, ψ are two Weyl spinors, Eq. (2.4) can be written as
Eq. (2.6) is the so-called chiral representation in gauge theory. Assume x µ be the coordinates, dx a be the local frame, then using the vierbein formalism for the curved spacetime we can write
or equivalently
where
Denote the Pauli matrices in curved spacetime by
then we have
Here we start with the formalism given by Peter G. Bergmann [8] . The field equation (2.6) in curved spacetime is given by
where ∇ µ = ∂ µ + Γ µ , ∇ µ = ∂ µ + Γ µ are the covariant derivatives acting on ψ and ψ, respectively. Γ µ and Γ µ are the spinor affine connections satisfying (see Appendix A) .8) we can write the following relations (see Appendix B)
In view of (2.13), (2.10) and g µν = g νµ , from (2.12) we have the following expression for Γ µ :
(2.14)
Similarly we have
By (2.14) and the above expression, we find tr(Γ µ ) = tr( Γ µ ) = 0, this means that Γ µ and Γ µ have just geometrical effects (see Appendix A). Defining
with ̺ µ being the Dirac matrices in curved spacetime satisfying the Clifford algebra
µν . For Dirac bispinor φ, we have the following covariant derivative
withΓ µ being the Fock-Ivannenko connection. Analogous to (2.14) forΓ µ one finds
The expressions (2.14) and (2.17) are more convenient for calculation and analyzing than (2.12) and (2.16 ). In what follows, we will see the convenience.
Energy momentum tensor of the spinors
Let us go back to the Eq. (2.11). Define the total connection of the spinors as
Considering that all ρ µ , ρ µ are Hermitian and g µν = g νµ , by (2.10) we have
similarly Γ + = Γ, i.e. Γ and Γ are Hermitian. This property will result in the simplification of the energy-momentum tensor. Now we consider the interacting system of spinor and gravitational fields. The spinor field is chosen to be the one satisfying Eq. (2.11) while the gravitational field is given by some metric functions g µν . Given g µν the Ricci tensor and scalar curvature can be defined from
The total Lagrangian of the interacting system reads
where κ = 8πG, Λ stands for the cosmological factor, L m is the Lagrangian of spinors. Noticing ρ µ and ρ µ are all Hermitian, we have
From (3.4) we learn that the total connection Γ and Γ vanish in L m . Variation of the Lagrangian (3.3) with respect to g µν gives the the Einstein's equation
where T µν is the energy momentum tensor of the material field which is defined by
A straightforward calculation of T µν in view of (2.13) gives
From (3.7) we learn T µν is independent of spinor connection. Similarly, for Dirac bispinor equation (2.4), we have
Conclusion
A self-consistent system of spinor and gravitational fields has been investigated. The explicit form of energy momentum tensors and some equivalent but simple forms of the covariant derivatives for both the Weyl spinor and the Dirac bispinor in curved spacetime have been derived.
Appendix A: the verification of (1.12)
The covariant derivatives of the spinor must keep the invariant form under both the coordinates and the tetrad transformation. To determine the algebraic conditions of the spinor connection and its geometrical meanings straightway are quite abstract. However this problem can be simplified by considering the consistency of the covariant derivatives of vector and spinor, that is, for Weyl spionr ψ,
is a vector. Then on one hand we have the covariant derivative for vector
on other hand we have the covariant derivative for spinor
Comparing (A2) with (A3) and considering the arbitrary ψ, we have the algebraic condition to determine the connection as follows
It is easy to check
where A is any 2 × 2 matrix. ρ µ left times (A4), we have
Taking trace of (A6), we have
so we can express tr(
where coefficient e and field A ν are real and arbitrary. Then the general solution of (A6) becomes
(A9) reflects the consistency of the gravitation with the other kind interaction. Considering connection Γ µ should just reflect the geometrical effects, and nonzero eA µ results in physical effects, so we have the geometrical part of the spinor connection as
Similarly we have Γ µ = 1 4
Appendix B: the verification of (1.13)
For the vierbien formalism
at first we assume that η ab are any given invertible constant matrix, h 
For general case, we can solve
∂g νβ from (B3), but we can not express it by tensor formalism.
Return to the symmetrical case, we can check that in system (B3) only 10 equations are linear independent for any given indexes µ, a. The expression ∂h µ a ∂g νβ = F (g κω ) is quite arbitrary for g κω and g ωκ (κ = ω), and the inadequate choice of the expression results in the non-tensor form. We have only one choice to remain the tensor form, that is we choice
, and assume g κω , g ωκ (κ = ω) are independent variables. This is easily confused for differential operation. For example, let κ = 1, ω = 2, then for partial derivative we have 
From (B3) we learn the index a is independent of all differential and algebraic operations, so we can multiply a tetrad basis to remove it. Here we choice Pauli matrices σ a as example, time σ a to (B3) and symmetrize the equation we have 
where we have used g νω = g ων . Set ρ µ = ρ µ (
(g αβ + g βα )) and regard g αβ and g βα (α = β) as independent variables again, by (B4) we have the solution with tensor form 
